Introduction
Perhaps the most widely-used catalog of special functions is the NBS Handbook of Mathematical Functions, 1 published in 1964 by the National Bureau of Standards. This book, whose sales number in the hundreds of thousands, may well be the most-frequently cited source in all archival scientific literature. It was found from Science Citation Index, for example, that the NBS Handbook was cited over 7000 times in the interval [1992] [1993] [1994] [1995] [1996] , and that the number of its citations is growing faster than the Index as a whole. This demonstrates the continuing need, across many branches of science and engineering, for reliable information on special functions-especially since the NBS Handbook is badly out-of-date in both content and structure.
The NBS Handbook has never been revised, although there have been numerous advances in basic theory, computational methods, and domains of application since its publication. Its structure is that of a static reference volume; though still very useful, it does not meet the needs of modern users for information that can be conveniently exploited in a highly computer-oriented technical environment. Such needs have been communicated regularly to NIST (formerly, National Bureau of Standards). Recently the author and his colleagues have developed a structured response to these needs by talking with others, hosting workshops, speaking at meetings of professional societies, producing follow-up reports, and establishing e-mail feedback mechanisms.
The project that this process has identified is the subject of this paper: the development of a knowledge base, the Digital Library of Mathematical Functions (DLMF), that is intended to become the successor to the NBS Handbook. Via free access over the World Wide Web, using standard Web browsers, individuals will be able to obtain validated mathematical information in a semantic-based representation that incorporates metadata, interactive features, and extensive linkages. The Web server will be constructed, maintained and operated by NIST. Background information on the project is provided in the NIST reports.
2,3
The DLMF will incorporate the simple look-up capability of the current NBS Handbook-and much more. The mathematical data will be more comprehensive and will be delivered directly to the desktop working environment. Users will be offered capabilities that are unavailable anywhere today: construction of technical documents with mathematical content that is linked directly to NIST standards, search and retrieval of complex mathematical information, and interaction with a virtual community of authors and users. Such capabilities are of broad benefit to the scientific community, both by the strengthening of discipline-specific mathematical techniques and for the facilitation that a common standard can provide for the exchange of information and techniques among disciplines.
The DLMF Project

Origins
The DLMF Project can be traced back to October 1996 when a working group of several NIST staff began meeting informally to discuss the opportunities presented by the rapid expansion of Web technology that might be applicable to the presentation of mathematical reference information, particularly with respect to special functions. It was clear from the beginning that a project resulting in a genuine replacement for the NBS Handbook would be a very large undertaking. Nevertheless, a general approach was developed, and it was decided in December 1996 to obtain a preliminary determination of the degree of support among scientific colleagues for a new NIST-led project in special functions.
Of the 367 individuals contacted, 46% replied. All agreed that a project to rewrite and modernize the NBS Handbook would be worthwhile. Very few reservations were expressed. Respondents suggested functions not presently included that should be covered and mentioned topics that need improved coverage. Comments on such subjects as format, the desirability of maintainpaper: submitted to World Scientific on December 30, 1999 ing a printed version, dissemination on CD-ROM's, the issue of software vs. tables, the need for high numerical precision, computational complexity of algorithms, the new Bateman project, and the role of software packages were received also.
Encouraged by this feedback, the NIST working group held an invitational workshop July [28] [29] [30] [31] 1997 Their contributions were invaluable in determining the management structure and work plan for the project, the proposed chapter layout, and the naming of the Board of Associate Editors.
Content
A significant mathematical research activity is required to collect mathematical results from the literature, select the relevant ones, verify them, and arrange them into a coherent structure. Among the areas to be investigated are: new fields of application, such as soliton theory and nonlinear dynamics, in which the classical special functions appear 4, 5 or are redefined 6 in a different guise; additional functions of practical importance, such as Carlson's elliptic integrals, 7 discrete orthogonal polynomials, 8 new statistical distribution functions, 9,10,11 Painlevé transcendents, 12 and basic hypergeometric functions;
13 analytical developments such as uniform asymptotics, 14, 15, 16 paper: submitted to World Scientific on December 30, 1999
asymptotics via distribution theory, 16 and greatly increased attainable accuracy from asymptotic expansions by re-expansion of remainder terms 17, 18, 19, 20 or by application of nonlinear sequence transformations; 21 39 and identification of software. The list of references in this paragraph is not exhaustive but only indicative of the kinds of references that will be examined in the preparation of the DLMF.
An important feature of the content development work is to highlight important unsolved mathematical and computational problems in special functions, thus encouraging future research into their solution. For example, asymptotic representations for functions with several parameters are very difficult to obtain and many that would be of great utility are still unknown. The whole task is difficult and needs to be done with great insight and experience.
Tables of numerical function values remain important for the construction and testing of mathematical software and for the generation of computer graphics. The voluminous tables in the NBS Handbook were constructed primarily as aids to computation by interpolation, and they are almost totally inadequate for current needs. A future phase of the DLMF Project will provide the capability for users to generate tables of certified function values over arbitrary ranges of the independent variables and to arbitrary precision. The initial phase will provide a small number of newly constructed tables together with references to publications that contain tables.
Graphs, such as the ones in the NBS Handbook, are of great utility in helping users understand the qualitative properties of special functions, and have even stimulated original discoveries of exact relationships. The power of the typical modern desktop computer makes possible a much richer interaction with graphical representations. For example, 3-dimensional surfaces of mathematical functions can be explored interactively through the use of VRML (Virtual Reality Modeling Language). For rendering of functions, substantial difficulties arise with representation of extreme data, falsification of smooth boundaries, and proper inclusion of important features such as zeros. These problems have already been attacked, with some success, by NIST staff. 40 
Editorial Supervision, Authorship and Validation
The Executive Committee for the whole project consists of the four Princi- . This Board will confer regularly and provide critical advice on all technical aspects of the project, such as reviewing subject coverage, identifying prospective authors and validators, providing general oversight and guidance on matters of format and presentation, and assuring that all project goals are met.
As was the case with the NBS Handbook, the chapters will be written by individual authors, or in some cases several authors, drawn from the USA and abroad. Each chapter will also be assigned an independent validator to check the accuracy of its content. This was not done for the NBS Handbook. If it had it been, it is certain that some errors now known, and possibly others still unknown, would have been avoided.
The authors and validators are being engaged and remunerated under contract to NIST. These contracts are being negotiated and administered by the Executive Committee with assistance from NIST administrative and legal personnel. Final payment is contingent upon satisfactory completion of all contractual obligations.
Web Site
The DLMF Project aims to provide universal access to validated mathematical information in a Web framework with rich structure and many interactive features. The DLMF is not intended to serve as a general-purpose mathematpaper: submitted to World Scientific on December 30, 1999 ical software system, such as Mathematica, Maple or Matlab, but its contents should be structured so as to be accessible to any such program. Therefore, to the greatest possible extent, it will utilize Web facilities that have been established as open standards. The following capabilities have been identified as attainable project objectives:
• Transference of formulas, graphs, tables and text into word processors, thus avoiding the tedious and error-prone process of manual copying.
• Translation of formulas into code that is usable by mathematical software systems.
• On-demand generation of tables of numerical values, intended primarily for use in constructing and testing mathematical software.
• On-demand generation of graphs, including still images, animations and interactive graphics, intended for scientific visualization and pedagogical applications.
• Advanced search capabilities, with the ability to locate mathematical formulas quickly and easily.
• Links to software and references to algorithms for computing special functions.
• A convenient on-line facility for users to provide commentary on each formula, graph, table or numbered subsection in a permanent, universally accessible record.
• Continuous updating to incorporate corrections, additions and extensions.
Existing Web facilities are sufficiently well-established to provide some of this functionality. However, difficulties exist that are being considered by various groups such as the World Wide Web Consortium. A particularly critical issue is the representation of mathematical formulas within a computer database. The representation must include semantic information that is sufficient for unambiguous translation from one format to another; the LaTeX encoding, for example, was not designed for this and is not sufficient. Another issue is the current unsatisfactory Web practice of displaying formulas as unscalable images.
The Web site is being constructed at NIST and will be maintained indefinitely as a free public resource. NIST is tracking and contributing to efforts to solve difficulties such as the ones identified above, and the DLMF Project will adopt consensus standards as they emerge.
Application Modules
Application modules are auxiliary Web sites constructed as models for the practical utilization of special functions in science and engineering. Such modules, ranging in scope from training manuals to review monographs, express mathematics in the form that is preferred by the target discipline. Disciplinespecific definitions and re-normalizations are traced back, via active links, to a primary definition in the DLMF. For example, Hermite polynomials are encountered in applications such as signal processing, statistical data analysis, electromagnetic wave propagation, quantum mechanics, approximation of functions, and numerical quadrature. These separate applications of Hermite polynomials utilize different normalizations, and the conversions between separate definitions, though straightforward in principle, can be tedious and prone to error.
The DLMF will be universally accessible and will contain primary definitions of virtually any special function likely to be of interest in applications. Eventually, engines might be built that could perform automatic formula verification, translation, or searching for identical or similar formulas across disciplines. NIST physicists have begun work on prototype application modules as a research effort, with the goals of exploring alternative forms of integration of physical and mathematical data, and of addressing issues of ease of development, ease of use, accessibility, and communication across disciplines.
Sample Chapter
To provide a model for authors, and to help gauge budgetary needs, a sample chapter on Airy functions 41 has been drafted. The chapter is not quite complete. It incorporates 7 pages of Chapter 10 of the NBS Handbook and also contains a more than equal amount of new material. Some further updating may be needed, especially for developments of the past four years, and final validation is required.
The mock-up Web implementation of the sample chapter is accessible at http://math.nist.gov/DigitalMathLib. Among its features are:
• A comprehensive 'formularium' for Airy functions and generalizations.
• 'About' links that give metadata such as references, notes, attributes, and LaTeX encodings.
• Color graphics, including curves, surfaces and user-controllable visualizations (in VRML) of Airy functions and their derivatives.
• Links to Web sites where software can be obtained over the Internet.
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• Images of physical phenomena with captions that describe their connection with Airy functions.
• A link to a prototype application module for quantum mechanics.
The first five of these features are illustrated in Figure 1 .
Book Publication
Many persons have expressed a strong preference for a book as well as a Web site. The Executive Committee is looking into possiblities for book publication, with the principal goal being extremely low cost so as to make paper: submitted to World Scientific on December 30, 1999
the book nearly as widely accessible as the free Web site. The possibility of including a CD-ROM with the book to provide some of the additional capabilities of the Web site is being considered also.
Time Frame
Authors will be required to complete their writing by the end of the second summer after receiving their contracts. Validators are to complete their work no later than the following summer. Web implementation and overall editing will be taking place at all stages, and the whole project should be in final form on the Web by September 2003. It will be partially available before this. Publication in CD-ROM and book form will also occur at approximately the same time. The chapters will be enriched with copious meta-information, active links within the DLMF, additional links to pertinent external sites, indexes, a powerful search mechanism, advanced user-controllable graphical renderings, active references to software, and eventually active references to built-in algorithms that can produce numerical tables and symbolic transformations on demand. 
Conclusions
The DLMF Project has two general goals:
• To develop an up-to-date account of the kind of information that is found in the NBS Handbook of Mathematical Functions by engaging leading researchers and users of special functions in a complete assessment of the field as it pertains to current and future needs, with emphasis on relevant mathematical properties, computational issues, and typical applications. • To present the newly developed body of information as a validated, interactive, and richly linked Digital Library of Mathematical Functions, which will deliver mathematical reference information in a highly usable format directly to the scientist's desktop computer from a Web site to be operated indefinitely as a free public service.
Meeting these goals will require an intensive period of development followed by a long-term commitment to the operation and upkeep of the Web site. NIST is uniquely qualified to undertake this important project because, unlike industry or academia, it is a U. S. Government laboratory with the mission to develop and provide critical parts of the nation's scientific and technological infrastructure.
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